A large deviation principle is proved for a family of measures {Ln : n = 1,2,...} derived from the multiplicities occurring in the decomposition into irreducible components of «-fold tensor products of representations of arbitrary compact semisimple Lie groups.
Introduction
In [1] , Cegla, Lewis, and Raggio proved a large deviation principle [2, 3] for a family of measures derived from the multiplicities occurring in the decomposition of tensor products of representations of SU(2) into irreducible components. They used their result in the analysis of the thermodynamics of quantum mean-field spin systems. In this paper we extend their result to cover any compact semisimple Lie group. In another paper [4] we use our large deviation principle to obtain a variational expression for thermodynamic limit of the free energy for mean-field systems based upon arbitrary compact semisimple Lie groups. (But see also [5, 6] for a different approach to similar problems.)
We now give a brief sketch of the results of [1] . This will be done in a more general setting than that of [ 1 ] in order to show how our own result proceeds naturally from it. For an arbitrary compact semisimple Lie group G, denote the set of finite dimensional unitary irreducible representations by {O : J G J"} , where f is some countable index set. Pick some j in f and aa in N and form the unitary representation where D]n is a finite subset of ^f , O ' is a copy of O , and b1 (n , J) is the multiplicity of O in the decomposition. In fact, it turns out that ^ is a subset of a certain vector space (which we will later call (hR)') whose dimension is equal to the rank, /, of G. J? is the intersection of a certain lattice S with a certain cone D in (hR) ' .
Define the family of probability measures {l/n : n = 1, 2, .. <I> is the unitary irreducible representation of SU(2) which acts on C and Dl = {0, 1,... , §} for 2aa; even, while D¿ = {\, |, ... , f} for 2«; odd.
We state the result of [ 1 ] within our general framework. 
where xJ is the character of the representation <& and d1 is its dimension.
The rate function J1 can be viewed as a specific entropy density for the limiting distribution of the multiplicities.
The contribution of the present paper to the theory is to prove an analogous result for arbitrary compact semisimple G. We state and prove the main result (Theorem 2.1) in the next section. The first step is to find the cumulant generating function for the sequence of measures (1.3) . This is done in Lemma 2.2 and Proposition 2.5(i). In Proposition 2.5(ii) it is shown that the cumulant generating functional is differentiable. By a standard result in the theory of large deviations, Proposition B.l, this allows us to conclude the main result.
In order to make the paper reasonably self-contained, a summary of the representation theory of semisimple Lie groups [7, 8] is given, while an outline of the theory of large deviations is given in Appendix B. Some technical proofs in §2 are deferred to Appendix C.
The large deviation principle
To avoid a major diversion into the details of representation theory we refer the reader to Appendix A. Let G be a compact semisimple Lie group. Let / denote the rank of G, i.e. the dimension of a maximal abelian, or Cartan, subgroup H, and let E denote the set {1,2,...,/}.
Denote by h the Lie algebra of H, and let (hR)' denote the real dual of ih. Let D denote the dominant elements of (hR)'. For X a dominant weight in (hR)', let O be the irreducible representation of G with maximal weight X (as in Proposition A.l). Define the unitary representation <¡>n of G by
For AA > 1, <f>1 is reducible and decomposes into a direct sum, We now state the main theorem of the paper. The proof of the theorem is carried out in stages. In Lemma 2.2 we calculate the asymptotics of B (n). Next we calculate the cumulant generating functional ck(h) = lim,,^ ckn(h) on hR , where
In Proposition 2.3 we calculate the restriction c of c to j~ D. In Proposition 2.5 we extend this result to find c on whole of hR, and show that it is differentiable. This condition allows us to conclude the statement of the theorem on general grounds (Proposition B. 1). For notational clarity, we henceforth omit the superscript X on cn , c and c .
Lemma 2.2. The asymptotics of B (n).
for some positive constants ax, a3 and a4.
Proof. Equating the dimensions of both sides of (2.2) (2.9) (/)" = ¿>V/a)^. Proof. Let aa be as above.
(2.12) (*V))"«*y)-£ b\n,p)X"(eh).
Let Qß denote the set of weights of the representation IT" . Then
The equality is merely (A.ll). Since h G hR, a (h) is real, and the first inequality follows from Proposition A.l(ii). jh is dominant, so by Proposition A.l(iii) p(h) > o(h) for a G Qß ; and since Y^aeo" mß(o) = dß, the second inequality follows. Thus (2.14) ¿2 b\n,p)eßW < (X\eh))n < £ b\n, p)d»e»(h).
Using (2.10) the upper bound in (2.14) can be rewritten (2.15) CfV))" < £ bÀ(n,p)a2(a3 + n)a^{h). (dp)e^h)-lJ¿^l 0(n logAA) Therefore, passing to the limit as aa -> oo we obtain (2.11), the limit existing uniformly in j~ D .
The following lemma gives us a decomposition of (hR)' which will enable us to extend the result of the previous proposition to the whole of (hR)'. First, for /, J ç E with / n J = 0, we define The point of the lemma is shown by the following proposition, whose proof, being elementary but tedious, is given in Appendix C. Proposition 2.5.
(i) The cumulant generating functional c is calculated from its restriction to j~ D as follows:
(ii) c is differentiable throughout (hK)'. 
Discussion
We briefly contrast the work in this paper with a subsidiary result at the end of §2 in [1] . In the latter case a purely algebraic decomposition of tensor products of arbitrary finite dimensional C-* algebra was obtained in terms of polynomial in representatives of the Lie algebra SU(2). This is not a group decomposition into irreducible representations in the standard sense, and is as such quite distinct from the present paper: Theorem 2.1. is based on the standard decomposition of tensor products into irreducible representations.
Appendix A. Representation theory
Representations and weights. In this section we provide for reference a summary of the necessary facts of representation theory [7, 8] . Let G be a compact semisimple Lie group with Lie algebra g. G ç U(n) for some n, and so setting gR = Ag we define the complexification g = gR © /gR in terms of matrices. Let H be a Cartan subgroup of G, i.e. a maximal abelian subgroup, ¡p with corresponding subalgebra h . Similarly, we define hR and h .
Let <P be a representation of G on a finite dimensional complex vector space V, and let <p he its differential acting on g. We use the same symbol (A.5) (x,y) = K(fXx,fxy).
We topologize hR and (hR)' with the norms associated with their respective scalar products. We denote these by || • ||. Define an ordering among the roots as follows: fix vQ g h such that a(v0) ^ 0 for all nonzero a in A. For x, y G (hR)' we say that x > y if x(vQ) > y(vQ). Define n, the set of simple roots, to be those positive roots (with respect to the ordering above) which cannot be decomposed as a sum of positive roots, n has / elements, which we denote a; : i g E . The a¡ span (hR)' and furthermore (A.6) (a,, a.) < 0 / / j. where the multiplicity m(X) is the dimension of the space Vx. We note at this point that m(p) = m(wp) for w e W. Since x(') = trace<P(-), then by (A.l) and (A.2) we can analytically extend the character to Hc , the group obtained by exponentiation of h , and write (A.ll) x(e") = J2mWeÀ
A€A We now state the three main theorems which we shall use to prove our result.
Proposition A.l. Given a compact semisimple Lie group G, then (i) the associated dominant analytic integral forms are in one-one correspondence with the irreducible representations of G (up to unitary equivalence). The correspondence is that the form XgStxD is the maximal weight (with respect to given ordering >) occurring in the representation:
we label the latter O .
(ii) The weight space Vk of the maximal weight is one-dimensional. (ii) c(y) = limn_toocn(y) exists and is finite for all y in E.
(Hi) c(y) is differentiable for all y in E. Combining (C.4), (C.5), and (C.6) we see that (C7) ^¡cHU~lxx(t)) > e for all aa sufficiently large, and since c is, by examination, differentiable on j~ D, we can use Griffiths's lemma (e.g. [3] ) to conclude that
By the following lemma, (C.8) is not true, and so (C.2) must hold. Thus c(h) = um«-»oo cn(h) exists for all h e (hR)' and is given by (2.22).
The following lemma tells us that at a boundary of D the normal derivatives of c o /" vanish. and where {BJk: j, k e is\(/u{/})} is the matrix with entries BJk = (a., a¿).
We note at this point that by [7, p. 90 
